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MILNOR CLASSES OF LOCAL COMPLETE INTERSECTIONS

J.-P. BRASSELET, D. LEHMANN, J. SEADE, AND T. SUWA

ABSTRACT. Let V be a compact local complete intersection defined as the zero
set of a section of a holomorphic vector bundle over the ambient space. For each
connected component S of the singular set Sing(V') of V, we define the Milnor
class p«(V,S) in the homology of S. The difference between the Schwartz-
MacPherson class and the Fulton-Johnson class of V' is shown to be equal to
the sum of u«(V,S) over the connected components S of Sing(V). This is
done by proving Poincaré-Hopf type theorems for these classes with respect to
suitable tangent frames. The 0-degree component ug(V,S) coincides with the
Milnor numbers already defined by various authors in particular situations. We
also give an explicit formula for p.(V,S) when S is a non-singular component
and V satisfies the Whitney condition along S.

In his original paper, Chern gave several equivalent definitions for characteristic
classes of complex manifolds. In the case of singular varieties, one has different ways
to generalize these, leading to classes which are not necessarily identical. Among
them are the Schwartz-MacPherson class (abbreviated as SM class) [Sc1], [Ma], [BS]
and the Fulton-Johnson class (abbreviated as FJ class) [FJ], [EF]. Each one of them
is defined in a relevant context and has its own interest and advantage. One of the
motivations of this work is to compare the SM and the FJ classes using geometric
interpretations of these classes. We perform this comparison in the case of local
complete intersections. In this case, it is well known that the FJ class coincides
with the image, by the Poincaré homomorphism, of the Chern class of the virtual
tangent bundle.

The Schwartz class of a compact analytic variety V is originally defined using so-
called radial frames. These are frames tangent to a Whitney stratification of V', they
have isolated singularities on a suitable skeleton of an appropriate triangulation and
they are pointing outwards of suitable neighborhoods of the strata. The Schwartz
class satisfies a decomposition property: the Schwartz class of V' is the sum of the
Schwartz class of the singular part of V' and of a relative class associated to the
regular part. Also, the Schwartz classes are localized in a subset related to the
singularities of the radial frame.

We prove that these two properties of Schwartz classes generalize in the case
of frames which may not be radial and are possibly with non-isolated singularities
(section 2). Also, the Fulton-Johnson class satisfies similar properties (section 4).
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In particular, we obtain localization theorems for SM and FJ classes in the spirit
of the Poincaré-Hopf theorem.

Let us consider the situation of a local complete intersection V in a complex
manifold M, defined as the zero set of a section of a holomorphic vector bundle
over M, and denote by S a compact connected subset either of the regular part
or the singular part of V. We define the Schwartz and virtual classes of a frame
at S and prove the localization theorems. We also prove that, for a non-singular
component of the singular set, the Schwartz and virtual classes of frames can be
computed in terms of Schwartz and virtual indices of vector fields (Theorems 5.7
and 5.10).

As mentioned above, one of the main purposes of this work is to compare the
SM and the FJ classes. There are already results in this direction ([A2], [P], [PP1],
[SS2], [Sull, see also [Br2] for a survey). In particular, when the difference lies in
dimension 0, it is expressed in terms of Milnor numbers. It is natural to call Milnor
classes the difference between SM and FJ classes for higher degrees.

In fact, the “localization theorem” (Theorem 5.2) tells us that the Milnor classes
are localized on the singular set Sing(V') of V. Hence the SM and FJ classes coincide
in dimensions higher than the dimension of Sing(V"). In a more precise way, for each
connected component S of Sing(V'), we obtain integral homology classes p;(V,S),
0 <i < dim S, which measure the contribution of S to the Milnor classes. We call
these the Milnor classes of V' at S. The 0-degree term is shown to coincide with the
Milnor number, as defined in [Mi], [H] when dim S = 0 and in [P] when dim S > 0
and V is a hypersurface (see section 6). Therefore, this 0-degree Milnor class can
be called a generalized Milnor number, extending for local complete intersections
the definition given in [P].

One important application of the previous results is a Lefschetz type theorem
for Milnor classes (Corollary 5.13), which is proved under the assumption that S is
non-singular and V satisfies the Whitney condition along S (see Remark 5.14 for a
weaker assumption).

It is well known that for isolated singularities the Milnor number is the number
of vanishing cycles in a Milnor fiber; in this case all the other Milnor classes are
automatically 0. It would be interesting to see whether there is a similar statement
when the singular set has dimension greater than 0, maybe in terms of vanishing
homology. This question is open even for the 0-degree Milnor class, i.e., the Milnor
number, though for the top Milnor class at a non-singular component of Sing(V),
Corollary 5.13 gives a positive answer.

We would like to thank Lé Dung Trang and Shoji Yokura for valuable con-
versations. While working on this article we visited various institutions and we
are grateful, in particular, to Institut de Mathématiques de Luminy, Université de
Montpellier, Instituto de Matematicas UNAM at Cuernavaca and Hokkaido Uni-
versity, for their support and hospitality. We also acknowledge the financial support
of CNRS, CONACYT and the Ministry of ESC, Japan, with gratitude.

After the preparation of the manuscript we learned that, in the hypersurface
case, the formula for the Milnor number in [PPI] has been generalized in [PP2]
to a formula for the Milnor class, which was conjectured in [Y]. In particular, for
a non-singular component S of the singular set of a hypersurface V', such that V'
satisfies the Whitney condition along S, our formula in Corollary 5.13 coincides
with the one in [PP2].
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1. CrassicAL CHERN AND SCHWARTZ-MACPHERSON CLASSES

We refer to [St} Scll [Sc2l [BS] for basics on the material in this section. In sections
1 and 2, all homology and cohomology groups are with integral coefficients.

In order to fix the notation, we recall the definition of the Chern classes via
obstruction theory [St]. We restrict ourselves to the case of the tangent bundle
TM of an almost complex manifold M of dimension 2m, the general case being
entirely analogous. The bundle T'M can be naturally thought of as a complex
vector bundle of rank m, and in the following, the linear independence is over the
complex numbers C.

Definition 1.1. An r-field on a subset A in M is an ordered set F(") = {vy,...,v,}
of r continuous vector fields on A. A singular point of F(") is a point where the
vectors (v;) fail to be linearly independent. An r-frame is a non-singular r-field.

The Stiefel manifold of r-frames in C™, denoted by W,.(m), is (2m — 2r)-
connected and its first non-zero homotopy group is mom—2p4+1(Wy-(m)) ~ Z. The
bundle of r-frames on M, denoted by W,.(T M), is the bundle associated with the
tangent bundle, whose fiber at © € M is the set of r-frames in T, M, diffeomorphic
to W,.(m). In the following, we set ¢ = m—r+1. The Chern class c¢?(M) € H?(M)
is the primary obstruction to constructing a section of W,.(T'M). To define it, let
o be a k-cell of a given (oriented) cellular decomposition (D) of M, contained in
an open subset Q@ C M on which the bundle W,.(T'M) is trivialized. If the section
F) of W,.(TM) is already defined over the boundary of o, it defines a map

(r) T2
9o ~ SF 1 EL WA(TM)|g =~ Q x W,(m) 22 W, (m),

thus an element of 7;_1 (W;.(m)). If £ < 2m — 2r 4 1, this homotopy group is zero,
so the section F(") can be extended inside o without singularity. If k = 2¢, we meet
an obstruction I(F("), o) € my—1(W,(m)) ~ Z. This defines a cochain,

v € C*(M; m2g-1(Wr(m))),

by (o) = I(F"), o) for each 2¢-cell o, then extending it by linearity. This cochain
is actually a cocycle and it represents the g-th Chern class ¢?(M) of M in H?4(M).
It is independent of the various choices involved in its definition. Note that ¢™ (M)
coincides with the Euler class of the tangent bundle of M.

Hereafter, for a cellular decomposition (D) of M, we denote by D? the i-skeleton
of (D). Let us denote by L a (D)-subcomplex of M and assume we are given an
r-frame F(") on L N D?4. The same arguments as before say that we can extend
F) without singularity to (LN D??)UD?4~1, This gives rise to a 2¢-cochain which
vanishes on L N D?? and represents the relative Chern class

(M, L; F") e H*(M, L),
whose image by the natural map to H27(M) is the usual Chern class, however as a

relative class it does depend on the choice of the frame F(") on L.

If we have two frames Fl(r) and FQ(T) on L N D%, the difference between the
corresponding classes is given by the difference cocycle; in the product L x I,

suppose Fl(r) is defined at the level L x {0} and FQ(T) is defined at the level L x {1},
then the difference cocycle d(Fl(r), FQ(T)) is well defined in

H*(LxI,Lx{0}UL x {1})~ H* (L)
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as the obstruction to the extension of the given sections on the boundary of L x I
[St], §33.3. As shown in [St], we have

(1.2) (M, Ly ") = (M, L; F{") + sd(F", F{") |

where 0 : H?~ (L) — H?(M, L) is the connecting homomorphism.
We will use the relative Chern class in the case of a manifold with boundary
L = OM and we will denote

(1.3) cr1(M; FU)) = c4(M,0M; F") ~ [M,0M] € Ho,_o(M).

We now consider a compact complex analytic variety V' of dimension n embedded
in a complex manifold M of dimension m. We take a Whitney stratification {V;}
of M compatible with V' so that the singular part Sing(V') of V' is a union of strata
(cf. [W]).

Let (K) be a barycentric subdivision of a triangulation of M compatible with
the stratification {V;}. We denote by (D) the cellular decomposition of M dual to
(K), which is defined by taking the first barycentric subdivision (K’) of (K). We
endow (K') with an orientation compatible with the orientation of the stratification
{V;}. This determines an orientation for (D) (see |[Brl]).

The union of (closed) cells which meet V' (or equivalently of cells dual to the
(K)-simplices contained in V) is called a cellular tube around V', denoted by Ty,
and its boundary, the union of cells of 7y, which are not dual to simplices in V, is
denoted by 97Ty .

With the previous stratification and triangulation of M, we notice that the cells
of (D) are transverse to each stratum, so that, for every stratum V; of complex
dimension d and every cell o of (real) dimension 2¢ = 2(m —r + 1), V;No is a cell
of dimension 2(d — r + 1). In particular V; N o is empty when d < r — 1.

Let us recall that the obstruction dimension to construct an r-frame tangent to
M is 2q = 2(m—r+1), and the index I(F"),¢) € ma,_1(W,(m)) is well defined for
every 2¢-cell . We remark that the obstruction dimension to construct an r-frame
tangent to the stratum V; of (complex) dimension d is 2(d —r + 1) = dim(V; N o).

Definition 1.4. Let A be a subspace of M. A stratified vector field on A is a
continuous section v of TM over A, such that at each point z € V; N A, v(x) is
tangent to the stratum V;. A stratified r-field on A is an r-field F(") = {vy,...,v,.}
consisting of stratified vector fields vy, ...,v,. A stratified r-frame is a non-singular
stratified r-field.

The Schwartz classes are the primary obstruction to constructing special strati-
fied frames on V called radial frames. We list some of the main properties of a radial
r-field FO(T) on 7y N D%, denoting FO(T) = (Fo(rfl),vo) with Fo(rfl) the (r — 1)-field
of first » — 1 vectors in Fér) and vg the last vector field:

(i) FO(PI) does not have singularities on 7y ND?. Fér) does not have singularities
on Ty N D241 and has, for each 2g-cell o, at most an isolated singularity at the
barycenter of o, which is the singularity of vy.

(ii) If Fér) has a singularity in ¢ and if o intersects with several strata, then
the singularity is in the stratum V; of the lowest dimension. Let the dimension of
Vibed Ifd>r—1,then I(F\",0) = I(F\"|v,,ViNo), and if d = r — 1, then
I(F" o) =1.




MILNOR CLASSES OF LOCAL COMPLETE INTERSECTIONS 1355

(iii) The frame Fér) is everywhere pointing outwards from cellular tubes around
V and cellular tubes around the strata V; in a sense made precise in [BS] §§7 and
8].

The motivation for considering radial frames is the following. For a radial vector
field vy with isolated singularities a; in V', one has a Poincaré-Hopf theorem [Sc2)

Zl(vo,ai) =x(V),

independently of the ambient manifold M. This fundamental property of the
Schwartz radial vector fields is not verified for arbitrary vector fields, using the
classical definition of index

The radial r-frame F ) determines a 2¢-cochain ¢? € C’QQ(TV 8TV) on M de-
fined by ¢(0) = I(Fér),a) if o is a 2¢-cell intersecting V' and é?(c) = 0 for the
others, then extended by linearity. It is proved in [Scl], [BS| that this cochain is
actually a cocycle, representing a class ¢4(V) € H2(Ty,0Ty) ~ H?4(M,M\ V).
This class does not depend on the choices of the Whitney stratification of M, the
triangulations, or the radial r-frame Fér) (see [Scll, [Sc3)).

Definition 1.5. The g-th Schwartz class of V is (V) € H?4(M, M \ V).

Theorem 1.6 [BS]. Forr =1,...,m and ¢ = m—r+1, the image of the Schwartz
class ¢1(V') by the Alexander duality isomorphism H?3(M, M \ V) — Ha,_2(V),
is the corresponding MacPherson class of V' (defined in [Mal),

Cr_1 (V) S HQT_Q(V).

Thus we call ¢, (V) = > ¢, (V) € H,(V) the Schwartz-MacPherson (or simply
SM) class of V.

2. LOCAL SCHWARTZ CLASS OF A FRAME

As in the previous section, the singular set of V is denoted Sing(V) and the
regular one Vp = V'\Sing(V'). Let S be either a compact connected (K')-subcomplex
in Vp or a connected component of Sing(V'). Let U be a neighborhood of S in M,
set U =U NV, and assume that U \ S is in V.

Definition 2.1. A compact neighborhood T of S in M, contained in U, such that
T\ S retracts to T and T retracts to S, will be called a tube in U around S.

Definition 2.2. A cellular tube around S in M, denoted by T, is the union of
(closed) cells of (D) which are dual to simplices in S. The boundary 97 is the
union of cells in 7 which do not meet S.

Taking a subtriangulation, if necessary, we may assume that the cellular tube
T is contained in U. On the other hand, AT is transverse to V. The intersection
T =7 NV isatube around S in U = UNV but is no more a cellular tube in V, if
S is a component of Sing(V'). The boundary 907 =V N dT is a hypersurface in Vp.
There is a classical Alexander isomorphism, for 0 < ¢ <m ,

dar : H*(U,U\ S) ~ H*(T,0T) — Ham-—24(S5)

when S is a compact subcomplex of the complex manifold M of dimension m. In
the situation S C V' C M considered now, there is an Alexander homomorphism
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(in general not an isomorphism), for each 0 < p <n = dim¢ V,
Yy HP(U,U\ S) ~ H*(T,0T) — Han_2,(9).
At the chain level, ¥y corresponds to the composition

T it =\ Yum
C2, (T, 0T) = O3 (T,0T) 225 C51) 5, (S)

with 2m—2¢q = 2n—2p, and the map 7 is defined by (7(c), o) = (¢, eNV’) for a 2¢-cell
o in (D) (see [Brl] for details). The map 7 induces homomorphisms, also denoted 7
and called Thom-Gysin homomorphisms, making the diagram below commutative:

H2(T,07) —— H2(U,U\ S) —2 Hapm_2q(S)

(2.3) TT TT T:

H(T,0T) —— H*(U,U\8) —— Hap ,(9).

With the previous notation, we can suppose that U \ S intersects D?¢ in V. Let
us writer=m—-—q+1=n—p+1

First suppose S is in Vp. In this case 1y is an isomorphism. For an r-frame F(")
on (U \ S) N D%, we have the relative Chern class ¢?(7,07; F(")) € H?*(T,0T).
The Poincaré-Hopf class of F(") at S is defined by

PH(F™ | S) = ¢y cP(T,0T; F")) € Hyp_5(S).

For a vector field v and S = {a} a point, PH(v, a) is the index previously denoted
by I(v,a).

Now we suppose S may be a component of Sing(V'). Let Fl(r) and FQ(T) be r-
frames on (U \ )N D24, and let us consider a tube 7 in U around S. The difference
d(F" F{"Y is defined in H*~1(8T). Let § : H*~1(dT) — H?(T,0T) be the
connecting homomorphism, we set

(2.4) ds(F" FSY = gy d(F, F7) € Hyp_o(S) .

Recall that, from the Schwartz construction, there exist radial r-fields on U N D??
whose singularities are all located on S.

Definition 2.5. For an r-frame F(") on (U\ S)N D%, we define the Schwartz class
Sch(F (™) 8) of F(") at S to be the class in Ho,_o(S) given by

Sch(F™,8) = ¢,_1(S) + dg(F\", F("Y |
where Fér) is a radial frame.

If S is in the non-singular part, Sch(F(),S) coincides with PH(F (), S). From
the definition and (1.2), we get, for two r-frames Fl(r) and FQ(T) on (U \ S)N D2,

(2.6) Sch(F{", 8) = Sch(F", ) + ds(F", F{").

Let us consider now a neighborhood U of Sing(V) in V. We know already
that there exist stratified r-fields on U N D?? whose singularities are all located in
Sing(V'). Elementary obstruction theory [St] tells us that every such r-field can
be extended to Vy N D?? with a singular set which is a subcomplex of V;. More
generally, let ¥ be a compact (K )-subcomplex in Vg disjoint from a neighborhood
Uy of Sing(V) in V. We set V* = V \ Uy and let ¢ be the inclusion V* — V,
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which induces a homomorphism ¢, in homology with compact supports. Also, for a
connected component S of Sing(V)UX, let ¢ be the inclusion S < V. The following
decomposition theorem follows from the previous discussion.

Theorem 2.7. Let V be a compact analytic variety of dimension n embedded in a
complex manifold M of dimension m and let ¥ be a subset of Vi as above. For any
r-frame F(") on (Vo \ £)N D, g =m —r + 1, we have

Z s Sch(F(T), S) + tucr_1 (VY F(T)) =c—1(V),
SCSing(V)

where the sum is taken over the connected components of Sing(V'), ¢,—1(V') is the
SM class of V and c,_1(V*; F") is the Chern class of V* relative to F(") (cf. 1.3),
so that

[,*cr_l(v*;F(r)) = Z Ty PH(F(T),S)
SCE

In other words, this result says that an appropriate r-frame gives a splitting of
the corresponding SM class in two parts; one localized in the singular set of V', the
other being the usual Chern class of the regular part relative to the r-frame.

3. DIFFERENTIAL GEOMETRIC VIEWPOINT

In this section, and from now on, all homology and cohomology groups will be
with real coefficients. The (co)homology classes previously defined with integral co-
efficients will be looked in this context. The general settings, in particular concern-
ing the Chern-Weil theory and the integration on the Cech-de Rham cohomology,
can be found in [Bo|, [BBI, [Lel], [Le2], [Su2).

In general, for a Chern polynomial ¢, i.e., a polynomial on the Chern classes,
and a connection V for a complex C* vector bundle E, we denote by ¢(V) the
cocycle on the base space which is the image of ¢ by the Chern-Weil homomorphism
associated with V. It is a closed form whose class is the characteristic class ¢(F) of
the bundle E with respect to . In particular, the class of ¢!(V) is the i-th Chern
class ¢'(E). If (Vo,...,V,) is a family of 7 + 1 connections for E, p(Vy,...,V,)
will denote the Bott difference operator [Bd], so that
(3.1) dp(Vo,.... V) =3 (-1)'(Vo,..., V-, V,).

i=0

Now let S C V C M be as in section 2. Let U be a neighborhood of S in M such
that U \ S is in Vo, with U = U N V. As in section 2, we consider a (D)-cellular
tube 7 around S in U. Let us denote by (D’) the cellular decomposition of M dual
to (K'). The cells of (D’) consist of simplices of the second barycentric subdivision
(K") of (K). We denote by R the (D’')-cellular tube around S. Thus R is in
the interior of 7 and the (D)-cells are transverse to 9R. We endow dR with the
ordinary orientation as the boundary. We set R = RN V.

Suppose we have an r-frame F(") on (U \ S)N D%, ¢ = m —r + 1, we may
describe the Schwartz class Sch(F("), S) of F(") at S as follows.

First we consider the case where S is in the regular part Vy of V (thus U is
also in Vj) and give a differential geometric interpretation of the Poincaré-Hopf
class PH(F()_S). The relative class ¢?(7,07; F(")) in section 2 is now defined by
taking an “F()-trivial connection” for TU away from S. To be more precise, let
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N 7ANAY
N

/ S=V A (K) triangulation \\\\\\ R

) 7 oT (consisting of 1-dimensional (D)-cells)

/ other (D)-cells of dimension 1

For such a (D)-cell o of dimension 1 intersecting V', the boundary OR is
transverse to o in their intersecting points.

FIGURE 1.

V be a connection for TU on U and let Vi be an F("-trivial connection for TU
on a neighborhood of (U \ §) N D% in U. Here V, being F(")-trivial means that
Vo(v) = 0 for every member v of F(") so that c¢?(Vy) = 0 (see, for example, [Su2],
Ch.I1, 9). Then the image ¢ of ¢?(T,07; F(")) by the Thom-Gysin homomorphism
T H®(U,U\ S) — H?(U,U \ S) is represented by the cocycle

(3.2) . CP(V)+/ (V. V),
YNR YNOR

for a relative cycle v € CéqD) (7,07) [Lell-[Le2], where CIED) (A) denotes the chains
of dimension % in the (D)-complex A. The Poincaré-Hopf class PH(F (), S) is then
given by vy P(T,0T; F")) = 4ps € (see (2.3)).

Now suppose S may be a component of Sing(V) and let FO(T) be a radial r-
frame on (U \ S) N D%, Recall that the Schwartz class of Fér) at S is given by
Sch(F",8) = ¢,_1(S) = s &9(S), where ¢4(S) € H2(T,0T) ~ H>(U,U \ S) is
the ¢g-th Schwartz class of S. We may assume that Fér) is given on a neighborhood
W of (U \ S)N D%, We denote by V a connection for TM on U and by Vi an
FO(T) ~trivial connection for TM on W. From the definitions, we have the following.
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Proposition 3.3. The relative class ¢1(S) is represented by the cocycle

v i cq(@)—l-/ i cq(@,@o),
YNR YNOR

for a relative cycle v € CéqD)(’f’, 87’).

A differential geometric description for the Schwartz class of a general frame
is obtained by combining the above and the following formula for the difference
cocycle, introduced earlier (see 2.4). Let S be either a compact connected (K)-

subcomplex in Vj or a connected component of Sing(V) as before. Let Fl(r) and

FQ(T) be two 7-frames on (U \ S) N D??. We may assume that Fl(r) and FQ(T) are
given on a neighborhood W of (U \ S) N D4 in U. For each i = 1,2, let V; be an

Fi(r)—trivial connection for TVy on W.

Lemma 3.4. The difference (5d(F1(T),F2(T)) is an element in H?P(U, U\ S) whose
image by the Thom Gysin homomorphism 7 : H**(U,U \ S) — H?*4(U,U \ S) is
represented by the cocycle

v c?(V1,Va),
YNOR

for a relative cycle v € CéqD)(’f, 87’)

Proof. Note that the lemma directly follows from (3.2) if S is in V. Now suppose
that S may be a connected component of Sing(V'). Let Ry be another (D’)-tube
around .S contained in the interior of R and set C' = R\ R1. Then 9C = R —IR;.

Let V be a connection for TVy on C N W which extends simultaneously Vi on
OR1NW and Vo on OR N W. Let V; be an Fl(r)-trivial connection for TV,
on C' N W which extends Vi on ORq N W. Thus we have ¢?(V1) = 0, hence
de?(V1,V) = ¢?(V). Let F(") be an r-frame which coincides with Fl(r) near OR4
and with FQ(T) near OR. Note that C is homotopically equivalent to OR x I and
that d(F\", F{") = c?(C,0C; F™) € H?(C,0C) ~ H?*»~1(9R). The image of
the class (5d(F1(T),F2(T)) by 7 is represented by the cocycle v — fvﬁC (V) for
a relative 2¢-cycle 7. By the Stokes formula fvﬁC (V) = fmac P(V1,V) =
S o @ (V1,V2). 0

4. VIRTUAL CLASS

We now suppose that V' is a compact local complete intersection of dimension n
in a manifold M of dimension m, defined as the zero set of a holomorphic section s
of a holomorphic vector bundle N of rank k = m —n over M. The restriction N|y,
coincides with the normal bundle Ny, of V5 = V '\ Sing(V) in M and we have an
exact sequence of vector bundles,

(4.1) 0—TVy— TM|y, = Ny, — 0.

We call 7y = (TM — N)|v the virtual tangent bundle of V. Let us remark that
under the previous assumptions, the virtual tangent bundle does not depend on the
choice of (N, s).
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The total Chern class ¢*(TM — N) € H*(M) of the virtual bundle TM — N is
given by ¢*(TM —N) = ¢*(TM)-c*(N)~!. Hence the p-th Chern class ¢?(TM — N)
is the coefficient of tP in the expansion of

m k
L+ > t(TM) 1+ (N

i=1
This polynomial may be written as a finite sum

& (TM — N) Zga(p) )ser s (TM)) - P (H(N), ..., F(N)),

for suitable polynomials cp(p ) and Q/Jy’ ). Let V and V' be connections for TM and
N respectively, defined on some submanifold €2 of M. Denoting by V* the pair

(V, V'), we set
Z 90(10) ép)(v/),

where the product is the exterior product. Then ¢?(V*®) is a closed 2p-form and
defines the class ¢*(TM — N) on €.

If (V§,...,V?) is a family of 7 + 1 pairs of connections, V§ = (Vj,V;-) with
V; connections for TM and V; for N, we may construct c?(V9,..., V?r) satisfying
an identity similar to (3.1), as in [Bo]. Namely, let A" be the standard simplex
S ot; <1, t; > 0in R and @w : @ x A" —  the natural projection.
We set V* = (@ V'), where V and V' denote the connections for w*(T'M) and
w*(N) given by V = (1 — > i—oti)Vo + 325 t;V; and similarly for V’. Then,
P(V8,...,V?) is equal to the integration of ¢?(V*) along the fiber A of the pro-
jection .

Let Qg be a subset in V5N, The pair V* = (V, V') will be said to be compatible
on Qg if, on Qp, the connection V' is obtained from V by passing to the quotient,
i.e., oV = V' or. This implies that V induces a connection for T'Vy, denoted by
VYV, and the triple (VV,V, V') is compatible with (4.1) in the sense of [BB], 4.16.

Lemma 4.2. (i) If V* is a compatible pair on Qq, then c?(V*) = (V") on Q.
(ii) If V$ and V3 are two compatible pairs on Qq, then c?(V$,V$) = (VY ,VY)

on .

Proof. (i) is proved as in [BBJ, 4.22. To prove (i), let @ : Qo x [0,1] — o be

the projection and let V and V' be connections for @w*T'M and w*N, respectively,

given by V = tVy+(1—1)V; and V’ = tV4+(1—t)V/. Then the pair V* = (V, V')

is compatible on g x [0, 1]. Therefore, for the connection VY = tVY + (1 —t)VY,

we have ¢?(VV) = c?(V*) =Y, <p(p)( V) - w(p)(V') The formula of (ii) is obtained

by integration on [0, 1]. O
Letting » = n — p + 1, the image of ¢?(7v) by the Poincaré homomorphism

H?P(V) — Ha,_2(V) coincides with the FJ class [FJ], [F]:

Fh(V) =P (rv) ~ V],

The virtual class of an r-frame is defined by localizing ¢? (1) by the frame.

To be more precise, let us consider a subset S and suitable neighborhoods as

in the previous sections. Let F(") be an r-frame on (U \ S) N D?9. Let V and V’
be connections for TM and N, respectively, on U and set V* = (V,V’). Also,

C



MILNOR CLASSES OF LOCAL COMPLETE INTERSECTIONS 1361

let Vo and V|, be connections for TM and N, respectively, on a neighborhood W
of (U \ S) N D% in U such that the pair V§ = (Vo, V}) is compatible and Vj is
F)_trivial. If we consider the 2¢-cochain given by

@3 e [ e+ / P(VVY, v e CPIT 0T,

YNR YNOR
it is a cocycle independent of the choices of connections, with Vo F (")_trivial, and
defines an element 7 in H24(U,U \ 9).
Definition 4.4. We define the wirtual class Vir(F(rz,Si) of F") at S to be the
image of by the Alexander isomorphism s : H24(U,U \ S) — Ha,_2(9).

Recall that, if S is in Vj, the Poincaré-Hopf class PH(F(),S) € Ha, o(S) is
dual to the class represented by the cocycle (3.2). Thus in this case, from Lemma
4.2, we have

Vir(F", 8) = PH(F™ | S).

The following formula for two r-frames Fl(r) and FQ(T) as above, analogous to
(2.6), is a consequence of Lemmas 3.4 and 4.2.

(4.5) Vir(F\"”, S) = Vir(F{", 8) + dg(F{", F{™).

Also the following theorem, analogous to Theorem 2.7, follows from the previous
discussion.

Theorem 4.6. Let Y be a subset in Vi as in Theorem 2.7. With the above hypothe-
ses and notation, if F(") is an r-frame on (Vo \ ¥) N D??, we have, in Hap_o(V),

Z Z* Vif(F(T),S)+L*Cr71(V*7F(T)) = ijl(v)’
SCSing(V)

where the sum is taken over the connected components of the singular set Sing(V')
and c,_1(V*; F() is the Chern class of V* relative to F("), so that

L*c,«_l(V*;F(r)) = Z Ty PH(F(T),S)
Scs

5. MILNOR CLASS

Let V be a local complete intersection of dimension n defined by a section of a
vector bundle N over the ambient complex manifold M of dimension m, as in the
previous section. We introduce the Milnor classes of V' at a connected component
S of Sing(V)). For r > 1, let F(") be an r-frame on (U \ S) N D7, where U is a
neighborhood of S in V such that U\ S C Vp and g =m —r + 1.

Definition 5.1. The (r — 1)-st Milnor class pr—1(V,S) of V at S is defined by
1 (V,8) = (=)™ (Sch(FD), 8) = Vie(F), 8))  in Hapa(S),
which is independent of the choice of F(") by (2.6) and (4.5).

We call 1. (V,S) = >, 5ur(V,S) € Hi(S) the total Milnor class of V at S.
Note that w,.(V,S) = 0 for r > dim¢S. Since there always exist frames as in
Theorems 2.7 and 4.6, we have
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Theorem 5.2. For a subvariety V of a complex manifold M as above,

(V)= (V) + (=1)""' > ip(V,S)  in Hl(V),
s
where the sum is taken over the connected components S of Sing(V).

In particular, if the singularities of V' are isolated points, then the Milnor classes
are zero, except in degree 0 where they coincide with the usual Milnor numbers of
[Mi], [H], [Lo] (see section 6). Hence, in this case the SM classes and the FJ classes
of V' coincide in all dimensions, except in degree 0, where their difference is given
by the sum of the usual Milnor numbers, recovering the formula in [SS2], [Sul].

Remarks 5.3. 1. The classes PH(F(™),S), Sch(F) S) and Vir(F(),S) may be
defined for an r-frame F(") on the intersection of a neighborhood of 7 (in V') and
D24 where T =7 NV with 7 a cellular tube around S.

2. When r = 1, i.e., F) = (v), PH(v, S), Sch(v,S) and Vir(v, S) are called,
respectively, the Poincaré-Hopf, Schwartz and virtual indices of the vector field v
IGSV], [LSS], [SS1]-[SS2]. The corresponding Milnor class po(V,.S) is a number
which will be discussed in section 6.

In the rest of this section, we prove a Lefschetz type formula for the Milnor
classes at a non-singular connected component S of the singular set of V' under the
assumption that V satisfies the Whitney condition along S.

Let U be a tubular neighborhood of S in M with C* projection j: U — S. We
set U=UNV and Uy = U\ S and denote by p and pg, respectively, the restrictions
of p to U and Up. From the Whitney condition, we see that the fibers of j are
transverse to V and that S is a deformation retract of U with retraction p. We
identify pf(N|s) with Ny,, and 5*(N|s) with N|;. The bundle T'5 of vectors in TU
tangent to the fibers of p admits a complex structure, since it is C*° isomorphic
with the normal bundle of the complex submanifold S in W. Let 7 be a (D)-
cellular tube around S in U and R a (D’)-cellular tube in 7 as in section 3. We
set T=TNV and R =R NV as before.

Let s denote the complex dimension of S and let F("=1) be an (r — 1)-frame on
the 2(s —r+ 1)-skeleton SN D?? of S. In what follows, we set £ = s —r+ 1. By the
Schwartz construction, there exists a radial r-field Fér) = (FO(PI)7 vo) on T N D24

such that Fér_l) extends F("~Y . The radial vector field v, is tangent to Uy and
possibly has singularities in the barycenters of 2/-cells in S N D??. We may assume
that vo is tangent to the fibers of j near IR.

Let v be a vector field on Uy N D?? which is non-singular and tangent to the
fibers of p in a neighborhood U} of R so that F(") = (Fo(r*l), v) is an r-frame on
Ul N D?4. For example, the above vg has these properties.

For a point z in S N D29, let U, denote the fiber of p at x and set U, = U, N V,
which is the fiber of p at z. We also set R, = R N U,. The restriction of v to U,
determines the Schwartz index Sch(v, x) and the virtual index Vir(v, z) on U. By
the Whitney condition, these indices do not depend on x.

Recall that we have the difference dS(FéT), F™) in Hy,_5(S). We also have the
difference d(vg,v), which is an integer, of vy and v as vector fields on U,.

Lemma 5.4. We have
ds(F{", F)Y = d(v,v) - ¢p—1(S).
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Proof. We consider the exact sequence of vector bundles on Uy :
0—Tpyo—TUy— piTS — 0,

where T'pg denotes the bundle of vectors in TU, tangent to the fibers of py. We

may assume that Fér) and F(") are r-frames on a neighborhood W of U; N D%. Let
V! and V4 be, respectively, vo-trivial and v-trivial connections for T'py on W. Also

let V¥ be an Féril)—trivial connection for T'S on a neighborhood of S N D?4. We
take connections V; and Vy for TUy so that (V/,Vy, p5V?) and (V5, V2, p5V?)

are both compatible with the above sequence. Thus V; is Fér)—trivial and Vj is
F()_trivial on W. By Lemma 3.4, the homology class dS(Fér), F()) is determined
by
(5.5) P(V1,Va) = > c(VE,V5) - pjc (V).
i+j=p
We recall the commutative diagram

H>(U,U\S) —— H?*(S)
P

(5.6) ZUM zl
Hor 2(S)  ———— Har 2(9),

where the first row is the inverse of the Thom isomorphism, given by integration
along the fibers of p, and the second column is Poincaré duality. The dual of the
first row in (5.6) gives an isomorphism

Hy(U,U\ S) <= Hy(9),

which shows that every relative 2¢-cycle 7 (is homologous to a cycle which) fibers
over a 2{-cycle ¢ of S. By the projection formula, we get from (5.5) (note that the
rank of the bundle T'py is n — s)

/ (1, V) = / (V08 - / &(V9),
YNOR OR ¢

where z is a point in . Noting that the first factor in the right hand side is d(vo, v),
we proved the lemma, in view of (5.6). O

Since Sch(FO(T), S) = ¢,—1(5) and Sch(vg, ) = 1, from Lemma 5.4, we have the
following:

Theorem 5.7. Let S be a non-singular component of Sing(V') such that V satisfies
the Whitney condition along S, then,

Sch(F(™,8) = Sch(v,z) - ¢,_1(S).

Now we wish to obtain a formula for the virtual class analogous to the one in
Theorem 5.7. First, we consider the exact sequence of vector bundles on Uy :

(5.8) 0— Tpo— Tply, — Ny, — 0.

We try to compute the Chern classes ¢/(7,,) of the virtual bundle 7, = (16 — N)|u
on U and will see that there is a canonical lifting ¢ (7,) in H¥(U,U \ S), for
j >mn—s=rankTpy, of ¢/(1,) € H¥(U). For this, we consider the covering U of
U consisting of U itself and a tubular neighborhood Uy of Uy and represent ¢/ (15),



1364 J.-P. BRASSELET, D. LEHMANN, J. SEADE, AND T. SUWA

75 = Tp — N, as a Cech-de Rham cocycle on U (cf. [Lel], [Su2], here we use the
notation in [Su2], Ch.II).

Let V§ be a connection for Tpy. Let V¥ be a connection for N|s and take a
connection V5 for Tp|y, so that (V4, VA5, ptVN) is compatible with (5.8). Let V7
be a connection for Tp on U. We set V7 = (V?, 5*VN) and VA* = (VA ps V).
Then ¢/ (75) is represented by a cocycle in A% (U) = A% (Up) ® A% (U) @ A% ~1(Uy),
where A*( ) denotes the space of differential forms on the relevant open set, given
by

V) = ( (V7)€ (V7*), & (V" V7).

Note that, since Up retracts to Up, it suffices to give forms on Uy. Since the family
(V6, V5, ps V) is compatible with (5.8), we have

(V5T = (Vh),

which vanishes for 7 > n — s by the rank reason. Thus, for j > n — s, the cocycle
(V) is in A% (U, Uy) = {0} & AY(U) @ A2-1(U,). Since the cohomology of
A*(U, Up) is canonically isomorphic with H*(U, U\ S) ([Su2], Ch.VI, 4), this cocycle
defines a class, denoted cg(rp), in H*(U,U \ S), which is mapped to ¢/(7,) by the
canonical homomorphism H?/ (U,U \ S) — H?(U). The class c{g(Tp) does not
depend on the choices of various connections. It should be also noted that it has
nothing to do with the frames we discussed earlier. Denoting by A?¢(S) the space
of 2i-forms on S, we have the integration along the fibers of p ([Su2], Ch.II, 5)
pa s A2 =50 (Y TUy) — A%(S), which commutes with the differentials and induces
a map on the cohomology level :

P : H2(”*5+i)(U,U\S) N H2i(5).
On the cocycle level, p, assigns to c"_s"’i(V;), i > 0, the 2i-form o on S given by
(5.9) ol = puc (VP 4 (9p)c (VL VET)

where p, and (9p). denote the integration along the fibers of p|g and p|or.

We note that, in the following formulas, the classes p.c " (r,) fori = 1,..., k—
1 are involved and they do not appear when & = 1 (i.e. V is a hypersurface). We
denote by [ ]* the component of degree 2i of the relevant cohomology class.

Theorem 5.10. With the hypotheses of 5.7, we have

Vir(F(", 8) = [(Vir(v,x) - (¢*(N) — ¥(N)) + Sch(v, z) - *(N)
k=1 g

IS TN py i (7)) (N) T (9)] ~ 1)

j=11i=1

Proof. By Lemma 5.4, it suffices to prove the formula for the radial frame FO(T).
We consider the commutative diagram of vector bundles on Uy with exact rows and
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columns:
0 0
.Z\TU0 ;) UO
(5.11) 0 —— Thly, —— TU|ly, —— piTS —— 0

0 —— Tpp —— TUy — piTS —— 0

0 0

We take suitable connections that we will need. As noted before, we may assume
that v is tangent to the fibers of 5 in a neighborhood U} of 9R. We set Uj = UjNV.
Let V4 be a vp-trivial connection for Tpy on a neighborhood W of Uj N D?? and
VS an F()(Tfl)-trivial connection for T'S on a neighborhood of S N D??. We take a
connection VV for TUj so that (V5, VY, psV®) is compatible with the third row in
(5.11). Thus VY is F\"-trivial on W, as in the proof of Lemma 5.4. Let VY be a
connection for N|g and take a connection V4 for Tj|y, so that (V4, VA psVN) is
compatible with the first column in (5.11). Finally take a connection Vg for TU luo
so that (V5, Vo, p5V5) is compatible with the second row. Then (VV, Vg, pt V)
is compatible with the second column. We may extend Vg and Vj to connections
@g and V for Tp and TU, respectively, on a neighborhood W of U(’) N D?? so that
@g is vo-trivial and that (@g , Vo, 7*V?) is compatible with the exact sequence

(5.12) 0—Tp—TU — p*TS — 0.

Thus Vj is F()(r)-trivial on W. Let V? be a connection for T on U. We take
a connection V for TU so that (V?,V,3*V¥) is compatible with (5.12). With
these connections, Vir(FO(T), S) is given by (4.3), with V* = (V, 5*VV) and Vg =
(Vo, o5 V).

Noting that the rank of Tpis m — s =n+ k — s, from (5.12), we have

P(TT ~ N) =[5 ()" (V) ') - 9 (Tp)

>t

(3

k .
+ 2 [ @) (VT e T).

On the other hand,

c"_s"'i(T[)) _ ch—s+i—j (75) - C](N) + ch—s+i—j (75) - CJ(N) .

j=0 j>1



1366 J.-P. BRASSELET, D. LEHMANN, J. SEADE, AND T. SUWA

From the above two equalities, we get

+ [ (8)er (N) 1] 8 e (Th) + ¢ (S, N, Th),

where (S, N,Tp) denotes a polynomial in the Chern classes of T'S, N and T'p,
homogeneous of degree p, such that each of its monomials involves the Chern classes
of T'S and N of total degree greater than £. Hence, setting VP = (VP ;*VV) and
V5 = (V5, ps V), we have

k—1
Cp(vo) — [ﬁ*c* (VS)C* (VN)flci(VN)]é . Cnfs(@;%)
=0
k—1 7
XD [V (V) M) e ()

and
k—1 A ’ o ~
Cp(v., vo) _ [ﬁ*c*(vS)c* (VN)flcz(vNﬂ . Cnfs(vpo’ VSO)
i=0
k—1 j o v o ~
T3 e (Ve (V) V)] e (9 )
j=11i=1

+[5 e (V) (V)T T em e (92, 0) + e (W5, VN, (VP, V5)).

Noting that a relative 2g-cycle v fibers over a 2¢ cycle ¢ in S, as in the proof of
Theorem 5.7, and that (0, ™~ 5(V?), ¢~ %(V}§, V?)) is a Cech-de Rham cocycle on
the ambient space, by the projection formula and duality ([Su3|, Theorem 6.4 and
Remark 6.6), we have

k—1

| e[ ewn
Z/ [C*(VS)C*(VN)flci(VN)]Z

= </R C"S(©ﬁ°)+/m C"S(vf“,vg')) 2.

k—1 j
+ Z Z/ [C* (VS)C* (VN)flcjfi(vN)ai]f
j=1i=1"¢
([ e [ e @ wh) - [ e w e ),
Ra IR ¢
where x is a point in ¢ and o is the 2i-form given by (5.9). Note that the integrals of
(VS VN, VP) and ¢P(V, VY, (VP,V})) vanish by dimension reason, since they
involve the pull-back of forms on S of degree greater than 2¢. Recalling that, in
the right hand side above, the first factor of the first term is Vir(vg,z) and the
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first factor in the third term is, by Proposition 3.3, Sch(vg, z) (= 1), we proved the
theorem. g

From Theorems 5.7 and 5.10, we get the following Lefschetz type formula for the
Milnor class.

Corollary 5.13. Let S be a non-singular connected component of Sing(V') such
that V' satisfies the Whitney condition along S. Then

pe(V.8) =((=1)°u(V N H,z) - (¢"(N) — ¢*(N))
k=1 j
+ (=" d7HN) -p*cgﬂ“(Tp)) Sc(N)E-e*(S) ~ [9],
j=1i=1
where H denotes an (m— s)-dimensional plane transverse to S in M. In particular,
when k =1,

(V. 8) = (=1)°u(V N H,z) - " (N) ™ ¢*(S) ~ [S].
Also, for arbitrary k,
ps(V,S) = (=1)°uw(V N H,z) - [S].

Remark 5.14. As is seen from the above proofs, Theorems 5.7 and 5.10 hold under
an assumption weaker than the Whitney condition. Namely, we only need that there
is a Whitney stratification of M compatible with V" and S such that the 2(s —r+1)-
skeleton SND?? of S is in the top dimensional stratum of S. Accordingly, under this
assumption, we have a formula for u,_1(V,S) taking the terms of corresponding
dimension in 5.13. This will be used in Example 7.2.

Remark 5.15. In the previous version of this paper (Hokkaido University Preprint
Series in Mathematics No. 413, May 1998)7 we considered the forms w’ on S given
by w® = p.c" ST VE) + (Op)uc™ 51 (VE, V7). They are related to the a'’s by

w® = Vir(v,z) - ¢(VV) + Z (VN )ad,
j=1

In particular, each w’ is a closed form on S. See [OY] for more properties of w.

6. GENERALIZED MILNOR NUMBER

As in the previous sections, let V' C M be defined by a holomorphic section of a
vector bundle of rank k and let S be a connected component of Sing(V).

Definition 6.1. The generalized Milnor number u(V,S) of V at S is defined as
w(V,S) = (=1)"*(Sch(v, S) — Vir(v, S)),
where v is a vector field on a neighborhood U of S in V', non-singular on U \ S.

This definition does not depend on the choice of the vector field v and is equal to
1o(V,S) in Definition 5.1. If (V,a) is an isolated complete intersection singularity
germ, for a radial vector field vy, Sch(vg,a) = 1 and Vir(vg,a) = x(F), where F
denotes the Milnor fiber. Thus the above Milnor number coincides with the usual
one in [Mi], [H], [Ld].

We recall that the classical Milnor number of an isolated singular point [Mil
has been generalized to the case of non-isolated hypersurface singularities by A.
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Parusinski [P] in the following way. Recall that a hypersurface V in M is always
defined by a holomorphic section s of a line bundle NV over M. There is a canonical
vector bundle homomorphism 7 : TM|y — N|y which extends the one in (4.1).
Note that Sing(V') coincides with the set of points in V' where 7 fails to be sur-
jective. Now let V’ be a connection for N of type (1,0). This means that in the
decomposition V/ = V19 4+ V(1) of V' into the (1,0) and (0,1) components, we
have V(O = 9. Since s is holomorphic, we have V's = V(195 which is a C>
section ¢t of T*M ® N. Write 7 : TM — N the corresponding bundle homomor-
phism. Let S be a compact component of Sing(V') and U a neighborhood of S in
M disjoint from the other components. It is shown in [P] that S coincides with
a connected component of the zero set of ¢t. Then Parusinski defines the Milnor
number us(V) to be the intersection number in U of the section t of T*M ® N
with the zero section.

Theorem 6.2. For a hypersurface V, we have
ps(V) = p(V, S).

Proof. First we give an integral formula for pg(V), similar to (3.2) for the bundle
T*M @ N. Let R be a (D’)-cellular tube around S in U and vy a radial vector
field near S pointing outward everywhere on 9R. Moreover, let V be an arbitrary
connection for TM on U and V* = (V, V') the corresponding pair of connections
on U. There exists a vo-trivial connection Vo for TM on U \ S, such that the
pair V§ = (Vo, V') is compatible, i.e., such that V' o T = T o V; furthermore, the
restriction of V§ to Vo is compatible. Denote by D the connection V* ® V' for
T*M & N on U and by Dy the connection Vi ® V' for T*M ® N on U \ S. Since
the pair V§ is compatible, the connection Dy is t-trivial. With these, we have

ps(V) = /ﬁc"“(D) +/87éc”+1(D,Do).

We compute

and
"M(D, Dg) = (=1)" (c"(V') - *(V*,V§) — " T (V, Vp)) .

By duality ([Su3], Theorem 6.4), we have
[ewews [ aw)ew vy
R

R

On the other hand,

/~ V) + / "NV, Vo) = X(R) = x(S) = Sch(vo, ),
R OR

which proves the theorem. O
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7. EXAMPLES

Let M be the complex projective space CP™ and L — M the hyperplane bundle
(dual of the tautological bundle). Then TM is stably equivalent to (m + 1)L.
Furthermore if V' is the intersection of k hypersurfaces in M, each of which being
defined by a homogeneous polynomial of degree d;, 1 < j < k, then NV = @?:1 L4,
Thus, if we set u = ¢!(L), the total Chern class of TM — N is given by

(1 +u)mtt
[LO+du)

Example 7.2. Let M = CP?, with homogeneous coordinates [X,Y, Z,T], and let
I be the curve defined by X? — YT = 0 and Z? — XY = 0. The only singular point
of T" is the point pg = [0,0,0, 1].

Let us consider the vector field v defined in the affine space T' # 0 by v =
233% + 4y8—‘1 + 32%, with respect to the affine coordinates (z,y, z) = (%, %, %)
The vector field v is tangent to I'\ {po}, radial outbound from pg and it has another
singular point p = [0,1,0,0] on I where it is also radial. We have Sch(v,pg) =1
and Sch(v,p) =1 and x(T') = ¢o(T") = 2 by [Sc2).

On the other hand, the formula of [LSS], p. 186, gives Vir(v,pg) = —1, there-
fore po(T,po) = 2 by definition. This implies that the virtual class c¢!(m) =
c((TM — N)|r) is 0, noting that Vir(v,p) = 1 as p is a regular point of I'. This
last formula can be also computed directly from (7.1).

(7.1) (TM — N) =

Example 7.3. Let M = CP*, with homogeneous coordinates [X,Y, Z, T, U], and
let V' be the cone over the curve I' of Example 7.2, i.e., the surface defined by
X2 YT =0and Z? - XY = 0. If we set po = [0,0,0,1,0] and ¢ = [0,0,0,0, 1],
then the singular set of V is the line S through py and ¢. Let us consider the
Whitney stratification of M consisting of {¢q}, S\ {¢}, V\ S and M\ V.

The vector fields defined in the affine space U # 0 by

00 ay 2 130 ad w—al 4yl 00
UL Sy Ty T, M T e Y, TR T e

with respect to the affine coordinates (z,y, z,t) = (%, %, %, %), extend naturally

to the hyperplane at infinity U = 0 and they are stratified vector fields on V. We
define w, = v + avs for a complex number a # —2, —3, —4. The singular set of
w, consists of S and the point p = [0,1,0,0,0] and w, is radial outbound from p
and S.

Since the singular set S is one dimensional, there are two Milnor classes 1o (V, .S)
and p1(V,S). We have Sch(w,, S) = x(S) = 2 and Sch(wg,p) = 1, hence x(V) =
X(S) + 1 = 3. On the other hand, by (7.1) we have c¢*(ry) ~ [V] = 8. Since the
point p is regular, Vir(w,,p) = Sch(w,,p) = 1. Thus Vir(w,, S) =8 —1 =7 and
wo(V, S) = Vir(wg, S) — Sch(w,, S) = 5.

The Milnor class 1 (V, S) can be computed using Corollary 5.13 (see also Remark
5.14). In this case, s = r — 1 and, with the above stratification, the 0-skeleton (of
the dual cellular decomposition) of S is in the top-dimensional stratum S \ {¢} of
S. Hence we have

1 (V,8) = —po(T', po) - [S].
By Example 7.2, uo(T, po) = 2, thus pu1(V,S) = —2[9].
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